ON THE STRUCTURE OF CALABI-YAU CATEGORIES WITH A 
CLUSTER TILTING SUBCATEGORY 
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Abstract. We prove that for d > 2, an algebraic d-Calabi-Yau triangulated 
category endowed with a d-cluster tilting subcategory is the stable category 
of a DG category which is perfectly (d + 1)-Calabi-Yau and carries a non 
degenerate t-structure whose heart has enough projectives. 
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1. Introduction 

In this article, we propose a description of a class of Calabi-Yau categories using 
the formalism of DG-categories and the notion of 'stabilization', as used for the 
description of triangulated orbit categories in section 7 of ^Sj- For d > 2, let C be 
an algebraic d-Calabi-Yau triangulated category endowed with a e?-cluster tilting 
subcategory T, cf. JB] J3| CD- Such categories occur for example, 

- in the representation-theoretic approach to Fomin-Zelevinsky's cluster al- 
gebras jHj, cf. [E] [H| ^0] and the references given there, 

- in the study of Cohen-Macaulay modules over certain isolated singularites, 
cf. CHI 03 > an d the study of non commutative crepant resolutions |28j . 

cf M 

From C and T we construct an exact dg category B, which is perfectly (d + 1)- 
Calabi-Yau, and a non-degenerate aisle U, cf. |2()| . in H°(B) whose heart has enough 
projectives. We prove, in theorem l7.ll how to recover the category C from B and IA 
using a general procedure of stabilization defined in section[7| This extends previous 
results of ^] to a more general framework. It follows from [53| that for d — 2, up 

Key words and phrases. Triangulated category, Calabi-Yau property, t-structure, DG-category, 
Brown representability theorem. 
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to derived equivalence, the category B only depends on C (with its enhancement) 
and not on the choice of T. In the appendix, we show how to naturally extend a 
f-structure, cf. on the compact objects of a triangulated category to the whole 
category. 

2. Acknowledgments 

This article is part of my Ph. D. thesis under the supervision of Prof. B. Keller. 
I deeply thank him for countless useful discussions and for his perfect guidance and 
generous patience. 

3. Preliminaries 

Let A: be a field. Let £ be a /c-linear Frobenius category with split idempotents. 
Suppose that its stable category C — £_, with suspension functor S 1 , has finite- 
dimensional Horn-spaces and admits a Serre functor E, see pjj. Let d > 2 be an 
integer. We suppose that C is Calabi-Yau of CY-dimension d, i.e. [22] there is an 
isomorphism of triangle functors 

5 d ^E. 

We fix such an isomorphism once and for all. See section 4 of ^Bl for several 
examples of the above situation. 
For X,Y S C and n S Z, we put 

Ext n (X,F) = Hom c (Y, S n Y) . 

We suppose that C is endowed with a <i-cluster tilting subcategory TcC, i.e. 

a) T is a fc-linear subcategory, 

b) T is functorially finite in C, i.e. the functors Home(?, X)\T and Homc(X, ?)|T 
are finitely generated for all X 6 C, 

c) we have Ext l (T, T") = for all T, V e T and all < i < d and 

d) if X € C satisfies Ext*(T, X) = for all < i < d and all T eT, then T 
belongs to T. 

Let M C £ be the preimage of T under the projection functor. In particular, 
M. contains the subcategory V of the projective-injective objects in M.. Note that 
T equals the quotient M_ of M. by the ideal of morphisms factoring through a 
projective-injective. 

We dispose of the following commutative square: 

M c 



T c ^£ = C. 

We use the notations of [EJ. In particular, for an additive category A, we denote 
by C(A) (resp. C~(A), C b (A), . . .) the category of unbounded (resp. right bounded, 
resp. bounded, . . .) complexes over A and by Ti(A) (resp. H~(A), H b (A), . . .) its 
quotient modulo the ideal of nullhomotopic morphisms. By |22, cf. also j^S], the 
projection functor £ — > 8 extends to a canonical triangle functor H b (£)/H b (V) —> £_. 
This induces a triangle functor H b {M)/H b (V) -> 8. It is shown in that 
this functor is a localization functor. Moreover, the projection functor 7i b (M) — > 
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7i h {M.) /TL b {V) induces an equivalence from the subcategory T~L h £ _ ac (M) of bounded 
f-acyclic complexes with components in M onto its kernel. Thus, we have a short 
exact sequence of triangulated categories 

o —>n b £ . ac {M) — >n b {M)/n b {v) -^c ^o. 

Let B be the dg (=differential graded) subcategory of the category C b (M)d g of 
bounded complexes over M. whose objets are the f-acyclic complexes. We denote 
by G : H~(M) — > T>(B op ) op the functor which takes a right bounded complex X 
over M. to the dg module 

B^Kom' M {X,B), 

where B is in B. 

Remark 3.1. By construction, the functor G restricted to T~t\_ ac (M) establishes an 
equivalence 

G : Hl ac (M) per(B° p )° p ■ 

Recall that if P is a right bounded complex of projectives and A is an acyclic 
complex, then each morphism from P to A is nullhomotopic. In particular, the 
complex Hom^ 4 (P, A) is nullhomotopic for each P in Ti.~(V). Thus G takes Ti.~(P) 
to zero, and induces a well defined functor (still denoted by G) 

G : n b (M)/H b (V) — ► V(B op ) op . 



4. Embedding 
Proposition 4.1. The functor G is fully faithful. 

For the proof, we need a number of lemmas. 
It is well-known that the category Ti.~(£) admits a semiorthogonal decomposition, 
cf. 0], formed by H~(V) and its right orthogonal Ti.£- ac {£), the full subcategory of 
the right bounded ^-acyclic complexes. For X in Ti.~(£), we write 

pX -> X -> a p X -► SpX 

for the corresponding triangle, where pX is in 7i~(V) and a. p X is in H^_ QC (£). If 
X lies in H~(A4), then clearly a p X lies in Ti-g_ ac (A4) so that we have an induced 
semiorthogonal decomposition of Tt~(M), 

Lemma 4.1. The functor T : H b {M)/H b (V) — ► ^. ac (M) which takes X to 
SupX is fully faithful. 

Proof. By the semiorthogonal decomposition of ?i~(M), the functor X sl p X 
induces a right adjoint of the localization functor 



n-{M) — ► h~(M)/h~(v) 
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and an equivalence of the quotient category with the right orthogonal Hg- ac (.M)- 



H-{M) 



H b (M)/H b (T) c ^ H-(M)/H~(V) 

Moreover, it is easy to see that the canonical functor 

H b (M)/H b (V) —> H-{M)/H-{V) 
is fully faithful so that we obtain a fully faithful functor 

H b (M)/H b (P) ► W £ _ ac (M) 
taking X to & p X . yj 

Remark 4.1. Since the functor G is triangulated and takes Ti.~(V) to zero, for X 
in Ti. b (Ai), the adjunction morphism X — > & p X yields an isomorphism 

G(X) G(a p X) = G(TX) . 

Let DJ^ (.M) be the full subcategory of the derived category T>(M) formed by the 
right bounded complexes whose homology modules lie in the subcategory Mod A4 
of Mod M . The Yoneda functor M — > Mod , M ^ M A , induces a full imbedding 

* : n~ £ . ac {M) ^ V^iM) . 

We write V for its essential image. Under the category Ti-g_ ac (A4) is identified 
with pcr M (7W). Let $ : V^_(M) -» V(B op ) op be the functor which takes X to the 
dg module 

B i ► Hom*(X cl *(B)) , 

where £? is in 7~l b £ _ ac {M) and X c is a cofibrant replacement of X for the projective 
model structure on C(M). Since for each right bounded complex M with com- 
ponents in A4, the complex M A is cofibrant in C(A4), it is clear that the functor 
G : H b (M)/H b (V) -> V{B op ) op is isomorphic to the composition $ o # o T. We 
dispose of the following commutative diagram 



H b {M)/H b {V) ( ^-^H 



£-ac 



nl ac (M) 



n b £ . ac (M) 




V M {M) 



V(B op ) op 



per M (7W) 



per(^°P)°P 



Lemma 4.2. Let Y be an object of T> M (M). 
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a) Y lies inper M (M) iffW(Y) is a finitely presented M_-module for allp G Z 
and vanishes for all but finitely many p. 

b) Y lies in V iff W(Y) is a finitely presented M. -module for all p G Z and 
vanishes for all p ^> 0. 

Proof, a) Clearly the condition is necessary. For the converse, suppose first that Y 
is a finitely presented .M-module. Then, as an .M-module, Y admits a resolution 
of length d + 1 by finitely generated projective modules by theorem 5.4 b) of 18 . 
It follows that Y belongs to per M (M). Since per M (.M) is triangulated, it also 
contains all shifts of finitely presented .M-modules and all extensions of shifts. 
This proves the converse. 

b) Clearly the condition is necessary. For the converse, we can suppose without 
loss of generality that Y n = 0, for all n > 1 and that Y n belongs to projVVf, for 
n < 0. We now construct a sequence 

> P n -> ► Pi -> P 

of complexes of finitely generated projective .M-modules such that P n is quasi- 
isomorphic to t>_„Y" for each n and that, for each p G Z, the sequence of M- 
modules P% becomes stationary. By our assumptions, we have t>$Y ^> H°(Y). 
Since H°(Y) belongs to modAl, we know by theorem 5.4 c) of ^H] that it belongs 
to per(.M) as an .M -module. We define Po to be a finite resolution of H°(Y) 
by finitely generated M-modules. For the induction step, consider the following 
truncation triangle associated with Y 

^i+ijj-i-iprj r>_i_iy -> T>_iY -► 5*+ a H- i_1 (y) , 

for i > 0. By the induction hypothesis, we have constructed Pq,. . .,Pj and we 
dispose of a quasi-isomorphism Pj — * T>-iY. Let Qi+i be a finite resolution of 
5'»+ 2 H _8_1 (Y) by finitely presented projective .M-modules. We dispose of a mor- 
phism fi : Pi — > Qi+i and we define P;+i as the cylinder of /j. We define P as the 
limit of the Pj in the category of complexes. We remark that V is quasi-isomorphic 
to P and that P belongs to V. This proves the converse. *J 

Let X be in Hg. ac (M). 

Remark 4.2. Lemma T4. 21 shows that the natural i-structure of restricts to a 

f-structure on V. This allows us to express ®(X) as 

holimT>_ l *(X) , 

i 

where r>_i^(X) is in per A4 ( J M). 

Lemma 4.3. We dispose of the following isomorphism 

= $(holimT>_i*(X)) holim$(r>_ 4 *(X)) . 

Proof. It is enough to show that the canonical morphism induces a quasi-isomorphism 
when evaluated at any object B of B. We have 

$(holimT>_ l *(X))(P) = Hom , (holimr>_ l 1'(X),P) , 

i i 

but since B is a bounded complex, for each n € Z, the sequence 

i i ^ Hom"(r>_ 4 *(X),P) 
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stabilizes as i goes to infinity. This implies that 

Hom*(holimr>_ i 'J'(X), J B) holim $(r>_i^(X))(.B) . 

i i 

V 

Lemma 4.4. The functor $ restricted to the category V is fully faithful. 
Proof. Let X, Y be in T~t~£- ac (M). The following are canonically isomorphic : 

$*Y) 

Hom I) ( B op)($*y, 

(4.1) Hompfgop) (hocolim $r>_j\I> Y, hocolim $r>_, ^X) 

i j 

holim Homx, r B o P s ( $r> _ < VP Y, hocolim $r> _ ) 

» ' j 

(4.2) holim hocolim Homp(go P) ($T>_iVl/y ; $t>_,*X) 

i j 

holim hocolim Hom perjvi (jvt) ( r > - j WX, r> _i\E' Y) 

(4.3) holim Hom v (holim r>_j*X, t>-^Y) 

i 3 

Hom v (*0X-),*(y)). 

Here (4.1) is by the lemma PI seen in V(B op ), (4.2) is by the fact that $7>_i#Y 
is compact and (4.3) is by the fact that T>-i^S>Y is bounded. y/ 

It is clear now that lemmas f4.ll 14.31 and 14.41 imply the proposition 14. II 

5. Determination of the image of G 

Let L p : T>~ (M) — > 2?^,(.A4) be the restriction functor induced by the projection 
functor M — ► AL L p admits a left adjoint L : V~ M {M) — > 2?~(Ai) which takes Y 
to y M. Let £?~ be the dg subcategory of C~ (Mod A4)d g formed by the objects 
of VJ^ (Af) that are in the essential image of the restriction of ^ to Ti.£_ ac (M). Let 
B 1 be the DG quotient, cf. |SJ, of B~ by its quasi-isomorphisms. It is clear that 
the dg categories B' and B are quasi-equivalent, cf. [T2|, and that the natural dg 
functor Af -> C"(ModAl)d s factors through B~. Let i?' : V(B op ) op -> V{M op ) op 
be the restriction functor induced by the dg functor M_ — > Let $' : 2?^,(Af) — » 
T>{B lop ) op be the functor which takes X to the dg module 

£?' h-> Hom*(X c ,S'), 

where £?' is in B 1 and X c is a cofibrant replacement of X for the projective model 
structure on C(ModM). Finally let T : V(M) -> V{M op ) op be the functor that 
sends y to 

M i ^ Hom*(y, M)) , 

where y c is a cofibrant replacement of y for the projective model structure on 
C(Mod M) and M is in M. 
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V(B op ) op 



We dispose of the following diagram : 



H b {M)/H b {V)^+ H- £ _ ac (M) V M {M) — v{B' op ) op 



R' 



op\op 




V-{M)—^V{M op ) 



B 



& 



M 



Lemma 5.1. The following square 



V- M (M)^+V{B 



lop\op 



27" CM) 



■ V(M op ) 



R' 



op\op 



B' 



M 



is commutative. 



Proof. By definition (R' o $')(X)(M) equals Rom'(X c ,M(7,M)). Since M(7, M) 
identifies with L P AI A and by adjunction, we have 



Rom'{X c ,M{?,M)) Horn* (X c , L P M A ) 
where the last member equals (r o L)(X)(M). 
Lemma 5.2. The functor L reflects isomorphisms . 



Hom*((LX) c ,M(?,M)), 



V 



Proof. Since L is a triangulated functor, it is enough to show that if L(Y) = 0, then 
Y = 0. Let Y be in "Dj^(Ai) such that L(Y) = 0. We can suppose, without loss of 
generality, that W(Y) = for allp > 0. Let us show that H°(Y) = 0. Indeed, since 
H°(y) is anM-module, we have H°(Y) L°H°(Y~), where L° : ModM -> ModM 
is the left adjoint of the inclusion ModM — ¥ ModM. Since W(Y) vanishes in 
degrees p > 0, we have 

L°H°(Y) =H°(LY). 
By induction, one concludes that W(Y) = for all p < 0. ^ 

Proposition 5.1. An objet Y ofT>J v[ (M) lies in the essential image of the functor 
* o T : n b (M)/H b (V) -> V^Mjlff T>_ n Y is in per M (M), for all n G Z and 
L(F) belongs to per (AO. 

Proof. Let X be in U b {M)/U b {V). By lcmmaOlaV r>_„*T(X) is in per M (M), 
for all ngl Since X is a bounded complex, there exists an s <C such that for all 
m < s the m-components of T(X) are in "P, which implies that L^T(X) belongs 
to per(M)- 

Conversely, suppose that Y is an object of T>l /i (M) which satisfies the conditions. 
By lemma lO Y belongs to V. Thus we have Y = *ff(Y') for some Y' in r Hg. ac {M). 
We now consider Y' as an object of TL~(M) and also write iff for the functor 
H~(M) — > T>~{M) induced by the Yoneda functor. We can express Y' as 

Y' hocolimcr>_ i Y' , 



s 
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where the a>-i are the naive truncations. By our assumptions on Y', <7>-iY' 
belongs to 7i h (Al)/7i b (7 : '), for all i £ Z. The functors '5 and L clearly commute 
with the naive truncations c>_i and so we have 

L(Y) = L($Y') hocolimL(cr>_ l *r / ) hocolimcr>_ i L(*y') . 

i i 

By our hypotheses, L(Y) belongs to per(Al) and so there exists anm»0 such 
that 

L(Y) = L{VY') ^- a>- m L(VY') = L(a>_ m VY') . 
By lemma f5T?l the inclusion 

tf (<7>_ m y)' = <T>_ m *y' — *(*") = Y 

is an isomorphism. But since <7>_ TO Y' belongs to Ti b {Ai)/'H b (T J ), Y identifies with 
*(<7>_ m Y'). V 

Remark 5.1. It is clear that if X belongs to per( = M), then T(X) belongs to per(.M op ) op . 
We also have the following partial converse. 

Lemma 5.3. Let X be in T>~ odM (M) such that T(X) belongs to per{M op ) op . 
Then X is in perQVQ. 

Proof. By lemma 14.21 b) we can suppose, without loss of generality, that X is a 
right bounded complex with finitely generated projective components. Applying T, 
we get a perfect complex T(X). In particular T(X) is homotopic to zero in high 
degrees. But since T is an equivalence 

projAl^ (wo]M op ) op , 

it follows that X is already homotopic to zero in high degrees. y/ 

Lemma 5.4. The natural left aisle on per M (A4) op — > per(;8 op ) satisfies the condi- 
tions of vrovosition rfl~l\ b). 

Proof. Clearly the natural left aisle U in pei M (A4) op is non-degenerate. We need to 
show that for each C £ per M (A4) op , there is an integer N such that Hom(C, S N U) = 
for each U € U. We dispose of the following isomorphism 

Hom perM(M) o P (C, S N U) ^ KoTn vclM _ [M) (S- N U op , C) , 

where U op denotes the natural right aisle on \>er M {M). Since by theorem 5.4 c) of 
[T%| an Al-module admits a projective resolution of length d + 1 as an .M-module 
and C is a bounded complex, we conclude that for N ^> 

Hom pc ^ {M) (S- N U op ,C) = 0. 

This proves the lemma. yj 

We denote by r<„ and t>„, n G Z, the associated truncation functors on 
V{B op ) op . 

Lemma 5.5. The functor $ : T)J /i (M) — ► V(B op ) op restricted to the category V is 
exact with respect to the given t-structures. 
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Proof. We first prove that $(V< ) C P(£ op )< p . Let X be in V< . We need to show 
that $(X) belongs to r D(B op )°? Q . The following have the same classes of objects : 

V(B°p)>o 

(5.1) (per(B°f)< ) ± 

(5.2) Hper(B°T P )>o, 

where in (5.1) we consider the right orthogonal in T>(B op ) and in (5.2) we consider 
the left orthogonal in T>(B op ) op . These isomorphisms show us that 3>(X) belongs 
to V(B op )°^ iff 

Hom B(s „ P)op ($(X),$(f)) =0, 
for all P G per M (M) > o. Now, by lemma WM the functor $ is fully faithful and so 

Hom B(s „p )op ($(l),$(F)) Hom pcr ^ (jM) (X,P). 

Since X belongs to V<o and P belongs to peT M (A4)>o, we conclude that 

Hom por ^ ±(A1) (X,P) = 0, 

which implies that &(X) G P(£> op )< p . Let us now consider X in V. We dispose of 
the truncation triangle 

t<qX — > X — > t >0 X — > 5t< 1 . 
The functor $ is triangulated and so we dispose of the triangle 

$T< I -> X -> $T >0 X -► 5$T<qI , 

where fr<oX belonges to V(B op )° < f' . Since <I> induces an equivalence between 
per M (M) and per(B op ) op and Hom(P, r >0 X) = 0, for all P in V< , we conclude 
that $t>o^ belongs to T>(B op ) c ^' . This implies the lemma. *J 

Definition 5.1. Let T)(B op ) op denote the full triangulated subcategory of r D(B op ) op 
formed by the objects Y such that r>- n Y is in per(B op ) op , for all neZ, and R{Y) 
belongs to per(M op ) op . 



Proposition 5.2. An objetY ofD(B op ) op lies in the essential image of the functor 
G : H b (M)/H b (V) V{B op ) op iff it belongs to V{B op )f . 

Proof. Let X be in H b (M)/H b {V). It is clear that the t>_„G(X) are in per(B op ) op 
for all n G Z. By proposition 15 . II we know that L$f¥(X) belongs to per(A4). By 
lemma fSTTl and remark f5TT1 we conclude that RG(X) belongs to per( = M op ) op . Let 
now Y be in V(B op ) j p ■ We can express it, by the dual of lemma lX!2l as the homotopy 
limit of the following diagram 

► t>_„_iY~ -> r>_„y -> T>_ n+ iY 

where r>_ n Y~ belongs to per(,8 op ) op , for all n G Z. But since $ induces an equiva- 
lence between per M (AA) and per(£> op ) op , this last diagram corresponds to a diagram 



M_„_! -» M_ n -> M_ 



ra+1 
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in ~per M (A4). Let p £ Z. The relations among the truncation functors imply 
that the image of the above diagram under each homology functor W, p £ Z, is 
stationary as n goes to +00. This implies that 

H p holim M_„ lim IP M_„ S IP M» , 

n n 

for all j < p. We dispose of the following commutative diagram 
holim M_ n holim r>_i Af_„ = M_j 

n n — 



t> _ j holim M _ „ 
which implies that 

r>_i holimM_„ -^-> M-\ , 

~ n 

for all i e Z. Since holim M_ n belongs to V, lemma PT31 allows us to conclude 

n 

that $(holim M_„) = Y. We now show that holimM_„ satisfies the conditions of 

n n 

proposition 15. II We know that t>_; holimM_„ belongs to per M (A4), for all i £ Z. 

~ n 

By lemma IO (T o L)(holim Af_ n ) identifies with R(Y), which is in per(M° p ) op - 

n 

Since holim M- n belongs to V, its homologies lie in modAl and so we are in the 

n 

conditions of lemma ISTl which implies that L (holim M_„) belongs to pei M (M). 

n 

This finishes the proof. 

6. Alternative description 

In this section, we present another characterization of the image of G, which was 
identified as T){B op ) op in propositon 15.21 Let M denote an object of M. and also 
the naturally associated complex in Ti. h (M). Since the category H b (A4) /Ti. h {V) is 
generated by the objects M £ M. and the functor G is fully faithful, we remark 
that V{B cp )Y equals the triangulated subcategory of T>(B op ) op generated by the 
objects G(M), M £ A4. The rest of this section is concerned with the problem 
of caracterizing the objects G(M), M £ M.. We denote by Pm the projective 
A4- module Al(?, M) associated with M £ M and by Xm the image of M under 
*oT. 

Lemma 6.1. We dispose of the following isomorphism 

Horn^,- (jV|) (Iif,F) «-^- Hom rao dAi(- p M",H (y")) , 

for allY£V^(M). 

Proof. Clearly Xm belongs to T>m(-M)<q and is of the form 

► P„ — > ► Pi — ► Pq — > A/ A — > , 

where P n £ V, n > 0. Now Yoneda's lemma and the fact that R m (Y)(P n ) = 0, for 
all m £ Z, n > 0, imply the lemma. y/ 

Remark 6.1. Since the functor <I> restricted to V is fully faithful and exact, we have 

Hom P(e o P)op (G(A/),$(r)) ^ Hom pcr(B o P)op ($(P M ),H°($(y))) , 
for all Y £ V. 
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We now characterize the objects G(M) = &(Xm), M € At, in the triangulated 
category T>(B op ). More precisely, we give a description of the functor 

R M := Rom v{B o P) (?,$(X M )) : V(B op ) op -> Modfc 

using an idea of M. Van den Bergh, cf. lemma 2.13 of Consider the following 
functor 

F M := Hom pcr(f5op) (H (?),$(PM)) : pev(B op ) op -» modfc. 

Remark 6.2. Remark IrTTl shows that the functor Rm when restricted to per(£> op ) 
coincides with Fm- 

Let DFm be the composition of Fm with the duality functor D — Hom(?, fc). 
Note that DFm is homological. 

Lemma 6.2. We dispose of the following isomorphism of functors on per(B op ) 

DF M Hom 2 , (B op ) ($(X M ) ! ?[d+l]). 
Proof. The following functors are canonically isomorphic to DF<S> : 



DHom per(B o P) (H°$(?),$(P M )) 

(6.1) DHom per(B o f , ) ($H Q (?),$(P M )) 

(6.2) Pddom por ^ (A4) (P M ,H (?)) 

(6.3) DHom^^jflM,?) 

(6.4) Hom^ (A1) (?[-d-l],X M ) 

(6.5) Hom P(e o P) o P ($(?)[-d- 1],$(X M )) 

(6.6) Hom 23(B op ) o P ($(X M ),$(?)[d+ 1]) 



Step (6.1) follows from the fact that $ is exact. Step (6.2) follows from the fact 
that $ is fully faithful and we are considering the opposite category. Step (6.3) is a 
consequence of lemma 16. II Step (6.4) follows from the (d+ 1)-Calabi-Yau property 
and remark fOl Step (6.5) is a consequence of $ being fully faithful and step (6.6) is 
a consequence of working in the opposite category. Since the functor <!> op establish 
an equivalence between per 7V( (A / J) op and per(£? op ) the lemma is proven. *J 

Now, we consider the left Kan extension Em of DFm along the inclusion per(S op ) ^> 
T>{B op ). We dispose of the following commutative triangle : 

per(i3 op ) — — ^ modfc 

V(B op ) 

The functor Em is homological and preserves coproducts and so DEm is coho- 
mological and transforms coproducts into products. Since T>(B op ) is a compactly 
generated triangulated category, the Brown representability theorem, cf. |23) . im- 
plies that there is a Zm € T>(B op ) such that 

DPm — ► Homx>( B op)(?, Zm) ■ 

Remark 6.3. Since the duality functor D establishes and anti-equivalence in modfc, 
the functor DEm restricted to pei(B op ) is isomorphic to Fm- 
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Theorem 6.1. We dispose of an isomorphism 

G(M) Z M ■ 

Proof. We now construct a morphism of functors from Rm to DEm- Since Rm is 
representable, by Yoneda's lemma it is enough to construct an element in DEm($(Xm))- 
Let C be the category pei(B op ) J, whose objects are the morphisms Y' — > 

$(Im) and let C be the category I'm I P er A4(-^)' whose objects are the mor- 
phisms Xm —* X 1 . The following are canonically isomorphic : 

DE M ($(X M )) 

(6.7) Dco\imRom v{B o P) mx M ),Y'[d+l}) 

(6.8) DcoYimH.om v -^ (M) (X'[-d- 1],X M ) 

(6.9) DcolimHonXp^^^^-iXM)!-^- l],X M ) 
Urn Driom D (M) ( (t>_ ,Xm ) [-d - 1] , Xm ) 

(6.10) UmHomp^^^XM^-iXjw) 

Step (6.7) is a consequence of the definiton of the left Kan extension and lemma l6~21 
Step (6.8) is obtained by considering the opposite category. Step (6.9) follows from 
the fact that the system (T>_ i X J vf)iez forms a cofinal system for the index system 
of the colimit. Step (6.10) follows from the (d + 1)-Calabi-Yau property. Now, the 
image of the identity by the canonical morphism 



give us an element of (DEm)($(Xm)) and so a morphism of functors from Rm to 
DEm- We remark that this morphism is an isomorphism when evaluated at the ob- 
jects of per(£> op ). Since both functors Rm and DEm are cohomological, transform 
coproducts into products and V(B op ) is compactly generated, we conclude that we 
dispose of an isomorphism 

G(M) Z M ■ 

V 

7. The main theorem 
Consider the following commutative square as in sectional 

M c ^£ 



T c >-e = c. 

In the previous sections we have constructed, from the above data, a dg category 
B and a left aisle WcH° (B) , see |20] , satisfying the following conditions : 

- B is an exact dg category over k such that H°(£>) has finite-dimensional 
Horn-spaces and is Calabi-Yau of CY-dimension d + 1, 

- U C H° (£>) is a non-degenerate left aisle such that : 

- for all B 6 B, there is an integer N such that Hom H o(g)(-B, S N U) = 
for each U &U, 
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- the heart H of the ^-structure on H° (B) associated with U has enough 
projectives. 

Let now A be a dg category and W C H°(A) a left aisle satisfying the above 
conditions. We can consider the following general construction : Let Q denote the 
category of projectives of H. We claim that the following inclusion 

Q^H^U°(A), 

lifts to a morphism Q — > A in the homotopy category of small dg categories, 
cf. PS] ES] |27) . Indeed, recall the following argument from section 7 of Let 
<2 be the full dg subcategory of A whose objects are the same as those of Q. Let 
t<oQ denote the dg category obtained from Q by applying the truncation functor 
t<o of complexes to each Horn-space. We dispose of the following diagram in the 
category of small dg categories 

Q C "A 



T< Q 



Q^=H°(Q) 

Let X, Y be objects of Q. Since X and Y belong to the heart of a i-structure in 
BP (A), we have 

Homjjo {A) {X,Y{-n}) = 0, 
for n > 1. The dg category A is exact, which implies that 

tr n Homg(X,Y) ^> Hom H o (j4) (X,y[-f«]) = 0, 

for n > 1. This shows that the dg functor r<oQ — > H°(Q) is a quasi-equivalence 

and so we dispose of a morphism Q — > ^4 in the homotopy category of small dg 
categories. We dispose of a triangle functor j* : V(A) — > 2?(Q) given by restriction. 
By proposition IA.1I the left aisle W C H°(^4) admits a smallest extension to a left 
aisle r»(^4 op )° p on V(A op ) op . Let V{A op )°f denote the full triangulated subcategory 
of V(A op ) op formed by the objects F such that r>_„Y is in per(^°P)°P, for all n G Z, 
and j*(y) belongs to per(Q°P)°P. 

Definition 7.1. T/ie stable category of A with respect to VV is i/ie triangle quotient 

stab(A WO = P(^ op )7/per(^ op ) op . 

We are now able to formulate the main theorem. Let B be the dg category and 
U C H°(B) the left aisle constructed in sections 1 to 5. 

Theorem 7.1. The functor G induces an equivalence of categories 

G :C ^stah{B,U)- 
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Proof. We dispose of the following commutative diagram : 

C | ^stab(S,W) 

H b (M)/H b (V) ° V{B°P)f 



H b e-ac(M) »- per{B°P)°P . 

The functor G is an equivalence since it is fully faithful by proposition ^. H and essen- 
tially surjective by proposition ^. 21 Since we dispose of an equivalence 7~L b £ _ ac {M.) 
per(B op ) op by construction of B and the columns of the above diagram are short 
exact sequences of triangulated categories, the theorem is proved. 



Appendix A. Extension of £-structures 



Let T be a compactly generated triangulated category with suspension functor 
S. We denote by T c the full triangulated sub-category of T formed by the compact 
objects, see [23]. We use the terminology of 20 . Let U C T c be a left aisle. 

Proposition A.l. a) The left aisle 11 admits a smallest extension to a left 
aisle 7< on T. 

b) If ' IA C T c is non- degenerate (i.e., f : X — > Y is invertible iffW(f) is 
invertible for all p € Z) and for each X £ T c , there is an integer N such 
that Hom(A, S N U) = for each U G U , then T<q is also non-degenerate. 

Proof, a) Let T<q be the smallest full subcategory of T that contains U and is 
stable under infinite sums and extensions. It is clear that 7< is stable by S since 
U is. We need to show that the inclusion functor 7< > T admits a right adjoint. 
For completeness, we include the following proof, which is a variant of the 'small 
object argument', cf. also We dispose of the following recursive procedure. Let 
X = Xq be an object in T. For the initial step consider all morphisms from any 
object P in U to Xo. This forms a set Iq since T is compactly generated and so we 
dispose of the following triangle 



UP 

fei 



Xn 



UP- 



feio 



For the induction step consider the above construction with X n , n > 1, in the 
place of and /„ in the place of I n -i- We dispose of the following diagram 



X =Xn 



UP 



Xi 



UP 

fell 



x 2 



Up 

feh 



X* 



X' 



UP 



where X' denotes the homotopy colimit of the diagram (Xj 
following triangle 

S^X' ^ X" ^ X ^ X' 



Consider now the 
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where the morphism X — > X' is the transfinite composition in our diagram. Let P 
be in U. We remark that since P is compact, Homr(P, X 1 ) = 0. This also implies, 
by construction of 7<o, that Homr(i?, X 1 ) — 0, for all R in 7<o- The long exact 
sequence obtained by applying the functor Homr(-R, ?) to the triangle above shows 
that 

Rom(R,X") Rom(R,X) . 

Let X%-\, n > 1, be an object as in the following triangle 

X = Xq — > X n — > X n _ x — * S(X) . 

A recursive application of the octahedron axiom implies that X! l [_ l belongs to 
S(T< ), for all n > 1. We dispose of the isomorphism 

hocolimX"^ S(A"') . 

n 

Since hocolimX"_! belongs to S(T<o), we conclude that X" belongs to 7<o- This 

n — — 

shows that the functor that sends X to X" is the right adjoint of the inclusion 
functor 7<o T. This proves that 7<o is a left aisle on T. We now show that the 
^-structure associated to 7< , cf. [23], extends, from T c to T, the one associated 
with U. Let X be in 7^,. We dispose of the following truncation triangle associated 
with hi 

Xu — > X — > X w — > S'X^ . 
Clearly Xjy belongs to 7<o- We remark that U 1 - = 7^ , and so X u± belongs to 
T>q ■= T< . 

We now show that 7<o is the smallest extension of the left aisle U. Let V be 
an aisle containing U. The inclusion functor V T commutes with sums, because 
it admits a right adjoint. Since V is stable under extensions and suspensions, it 
contains 7<o- 

b) Let X be in T. We need to show that X = iff H P (X) = for all p e Z. 
Clearly the condition is necessary. For the converse, suppose that W(X) = for 
all p € Z. Let n be an integer. Consider the following truncation triangle 

R n+1 (X) - r>„X -> r >n+1 X - 5H" +1 (X) . 

Since H" +1 (X) = we conclude that 

for all n G Z. Now, let C be a compact object of T. We know that there is a fc G Z 
such that C E T<k- This implies that 

Uom T (C,T >n X) = 

for all n G Z, since r>„X belongs to (^fc)- 1 . The category T is compactly generated 
and so we conclude that r >n X = 0, for all n G Z. The following truncation triangle 

T< n X — > X — > r >rl X — > S'r^nX , 

implies that r<„X is isomorphic to X for all n € Z. This can be rephrased as 
saying that 

Ae f|T<_„. 
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Now by our hypothesis there is an integer N such that 

Hom T (C,W<_jv) = 0. 
Since C is compact and by construction of T<-Ni we have 

Hom r (C,T<_ A r) =0. 

This implies that Honi7-(C, X) = 0, for all compact objects C of T, Since T is 
compactly generated, we conclude that X = 0. This proves the converse. 

Lemma A.l. Let (Y p ) pe % be in T . We dispose of the following isomorphism 

H"(]Jy p )^]jH"(Y p ), 

p p 

for all n £ Z. 

Proof. By definiton H™ := r>„ r<„ ,n G Z. Since r>„ admits a right adjoint, it is 
enough to show that t<„ commute with infinite sums. We consider the following 
triangle 

II r< n Y p - [J y p -» [] r>„y p - s(Q r< n y p ) . 
p p p p 

Here ]Jr< n y p belongs to T< n since 7<„ is stable under infinite sums. Let P be an 

p 

object of S n U. Since P is compact, we have 

Homr (P, II r >n Y p ) ^ ]J Hom T (P, r>„y p ) = . 
p p 

Since 1< n is generated by S n U, ]J r >n Y p belongs to 7^>„. Since the truncation 

z 

triangle of JJ Y p is unique, this implies the following isomorphism 

p 

Y[T< n Y p ^ T< n (]jY p ) . 

P P 

This proves the lemma. yj 

Proposition A. 2. Let X be an object ofT. Suppose that we are in the conditions 
of vrovosition rfl~l\ b). We dispose of the following isomorphism 

hocolimr<jJf — > X . 

i ~ 

Proof. We need only show that 

H"(hocolim T<iX) H"(X) , 

i 

for all neZ. We dispose of the following triangle, cf. |23|. 

II t <p x -» ]l T <i x -> hocolimr^X -> S(]]_t< p X) . 

p q p 

Since the functor H n is homological, for all n € Z and it commutes with infinite 
sums by lemma lA. II we obtain a long exact sequence 

* L[H n (r< p X) -> UH"(r< g X) H" (hocoW^X) -> ]J H" S(r< p X) -> ]J H" S(r< g X) 

P 9 P 9 
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We remark that the morphism ]J H" S(t< p X) — > ]J H" S(T< q X) is a split monomor- 

p q 

phism and so we obtain 

U n (X) = colimH™(T< 4 X) H rl (hocolimr< t X) . 

i " i 

V 
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